As a charged spinning fermion drops into a charged rotating BTZ black hole, we investigate the laws of thermodynamics and weak cosmic censorship conjecture with and without pressure respectively. For the case without pressure, the first law, second law, as well as the weak cosmic censorship are found to be valid. While for the case with pressure, though the first law is still valid, the second law and the weak cosmic censorship conjecture are found to be violable, depending on the charge, angular momentum, AdS radius, and their variations. In addition, in both cases, the configurations of the extremal black holes are found to be stable since the final states of the extremal black holes are still extremal black holes. While for the near-extremal black holes, their configurations are not stable.
I. INTRODUCTION
According to the singularity theorems proposed by Penrose and Hawking [1] , we know that the existence of a singularity is inevitable in Einstein's gravity. A singularity means the invalidity of a classical gravity theory so that it is not favorite by theoretical physicists. In order to maintain the validity of the classical gravity theory, Penrose conjectured that a singularity produced in the gravitational collapse can not be observed by a distant observer since it is hidden behind a horizon [2] , which is the so-called weak cosmic censorship conjecture. Now, there exists no general proof of this conjecture, so we should check it one by one in each model of gravity. Around this topic, there are two strategies to check the weak cosmic censorship conjecture. On one hand, one can check whether the gravitational collapse will end in a naked singularity without a horizon initially. In the EinsteinMaxwell theory [3] and the Einstein-Maxwell-dilaton theory [4] , the weak cosmic censorship conjecture has been found to be violated recently. On the other hand, one also can check whether the horizon of a charged/rotating black hole will be destroyed after a charged/rotating particle is absorbed. From the pioneering work of Wald [5] , there have been many investigations to check the weak cosmic censorship conjecture with the test particle model [6] [7] [8] [9] [10] [11] [12] [13] [14] . Among them, the backreaction and self force effect were found to be important to the weak cosmic censorship conjecture [8] . It has been found that particles that could overspin the black hole [6] would not be able to fall into the horizon as these effects are taken into account.
The test particle model is prevail for the following two advantages. Firstly, besides the weak cosmic censorship conjecture, it also can be used to investigate the first and second laws of thermodynamics [15] . Secondly, it also can be used to investigate the laws of thermodynamics and weak cosmic censorship conjecture in the extended phase space with pressure [16] . Recently, there have been some investigations on the laws of thermodynamics and weak cosmic censorship * xxzengphysics@163.com conjecture in the extended phase space with pressure [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . It has been found that the second law will be violated as the pressure is considered though the first law and the weak cosmic censorship conjecture are valid. In addition, the configuration of the black hole was found to be not changed after a particle is absorbed in the extended phase space with pressure. The pressure of the black hole thus plays a crucial role when we discuss the thermodynamic laws and weak cosmic censorship conjecture.
In this paper, we will employ the test particle model to investigate the thermodynamic laws and weak cosmic censorship conjecture of a charged rotating BTZ black hole with or without pressure. Our motivation is twofold. On one hand, we want to explore whether the topology of the spacetime affect the thermodynamic laws and weak cosmic censorship conjecture. Previously, most investigations were limited to the spherically symmetric black holes [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . However for the rotating black hole, the topology of the spacetime is cylindrically symmetric for the existence of a angular momentum. We want to explore how the angular momentum affect the thermodynamic laws and weak cosmic censorship conjecture. On the other hand, we want to explore whether the high order corrections to the mass of the particle affect the validity of the weak cosmic censorship conjecture. Recently, by applying the Wald formalism, the weak cosmic censorship conjecture was found to be valid for the nonextremal black holes [28] [29] [30] [31] as the second order variation of the mass of the black hole was considered. The result is different from the previous investigations where the second order correction was not taken into account [6] . With the test particle model in this paper, we want to explore whether the weak cosmic censorship conjecture are valid as the second order correction to the mass is considered with or without pressure. As a result, we find for the case without pressure, the weak cosmic censorship conjecture is valid, while for the case with pressure, the weak cosmic censorship conjecture is violable, depending on the charge, angular momentum, AdS radius, and their variations. This paper is outlined as follows. In section II, we introduce the thermodynamic quantities of the charged rotating BTZ black hole. In section IV, we obtain the energy-momentum relation of a charged spinning particle as it drops into the charged rotating BTZ black hole. In section IV and section V, the first law, second law as well as weak cosmic censorship conjecture are investigated with and without pressure respectively. Especially, we investigate how the high order corrections to the mass of the particle affect the weak cosmic censorship conjecture. Section VI is devoted to our conclusions.
II. REVIEWS OF THE CHARGED ROTATING BTZ BLACK HOLES
The charged rotating BTZ black hole is produced by the action [32] 
with
where G is the gravitational constant in three dimension, Λ is the cosmological constant that relates to the AdS radius as Λ = −1/l 2 , R is the Ricci scalar, g is determinant of the metric tensor, and A µ is the electrical potential. The line element in Schwarzschild coordinate is given by
where
in which M is the mass, Q is the electric charge, and J is the angular momentum of the black hole. The nonvanishing component of the vector potential is
With the equation F(r) = 0, we can obtain two solutions and the largest solution is the event horizon, labeled as r + . The mass of the black hole is
According to the area of the horizon, the entropy can be expressed as
where we have used the unit 8G = 1. The Hawking temperature of this black hole is
At the horizon, the angular velocity and the electric potential are
From Eqs. (7), (8), (9), (10) , and (11), we can get the first law of thermodynamics
In Eq.(12), the cosmological parameter is regarded as a constant, the phase space of the thermodynamics is the normal phase space. Recent investigations have shown that the cosmological parameter can be treated as a dynamical variable. In this case, the first law of thermodynamics changes into
in which P is the pressure and V is the volume of the thermodynamic system, which are defined as respectively [33, 34] 
In Eq. (13), the mass M is interpreted not as the internal energy but the enthalpy. The thermodynamic phase space is the extended phase space in this case.
III. ENERGY-MOMENTUM RELATION OF A CHARGED SPINNING FERMION
In this section, we are going to find the energy-momentum relation of a charged spinning fermion as it drops into a charged rotating BTZ black hole. We will employ the following Dirac equation for electromagnetic field [35, 36] 
For a rotating BTZ black hole, its event horizon does not coincide with the infinite red-shift surface due to the existence of rotation. There is an ergosphere between the event horizon and infinite red-shift surface, and matter near the horizon will be dragged inevitably by the gravitational field. To investigate the motion of the spinning fermion conveniently, we will make the following dragging coordinate transformation
in which we have defined the dragging angular velocity
In this case, the metric in Eq.(3) becomes as
We set the γ µ matrices as
where we have employed the Pauli sigma matrices
For a fermion with spin 1/2, the wave function has two states, namely spin up and spin down. In this paper, we focus on the spin up state for the case of spin down is similar. We will adopt the following ansatz for the solution
Inserting Eq. (25) into Eq. (16), we have the following two simplified equations
in which we only take the leading order ofh. To assure C and D have non-trivial solutions, the determinant of the coefficient matrix should vanish, leading to
In the dragging coordinate system, the action I ↑ can be expressed as
where ω, L, and Ω + are fermion's energy, angular momentum, and angular velocity at the horizon. Putting Eq. (29) into Eq. (28), we obtain
We want to investigate the thermodynamics and weak cosmic censorship conjecture, so we are interested only in the location at the horizon. In this case, the radial momentum of the particle can be expressed as
in which p r + is the radial momentum at the horizon. As stressed in [37] , in order to assure the particle is absorbed in the positive flow of time, a positive sign should be endowed in front of |p r + |.
IV. THERMODYNAMICS AND WEAK COSMIC CENSORSHIP CONJECTURE WITHOUT PRESSURE
In this section, we will employ Eq.(31) to investigate the thermodynamics and cosmic censorship conjecture without pressure, namely the cosmological parameter is a constant. As a charged spinning fermion is absorbed by the charged rotating BTZ black hole, the variation of the internal energy, angular momentum and charge of the black hole satisfy
where we have used the energy conservation, angular momentum conservation and charge conservation. In this case, the energy-momentum relation in Eq. (31) can be rewritten as
As the charged spinning fermion is absorbed, the event horizon of the black hole will change from r + to r + + dr + .
The new event horizon satisfies also the equation of horizon, F(r + + dr + ) = 0. In other words, there is always a relation
Inserting Eq. (33) into Eq.(34), we find dM, dQ and dJ are deleted. So we can solve dr + directly, which is
Making use of Eq.(8), the variation of entropy can be expressed as
Combining Eqs. (9) and (36), we find there is a relation
In this case, the internal energy in Eq.(33) can be reexpressed as
which is nothing but the first law of black hole thermodynamics. In other words, as a charged spinning fermion is absorbed by the charged rotating BTZ black hole, the first law is valid without pressure.
We also can check the validity of the second law of thermodynamics, which states that the entropy of a black hole never decrease in the clockwise direction. As a charged spinning fermion drops into the black hole, the entropy of the black hole should increase according to the second law of the thermodynamics. We will adopt Eq.(36) to check whether this is true for the charged rotating BTZ black hole.
For an extremal charged rotating BTZ black hole, we know that the temperature of the black hole vanishes at the horizon, and the inner horizon and outer horizon are coincident. With Eq. (9), we can get the radius of the extremal charged rotating BTZ black hole
Substituting it into Eq.(36), we find the variation of the entropy is divergent, which implies that the second law for the extremal BTZ black hole is meaningless since the thermodynamic system is a zero temperature system. For a non-extremal charged rotating BTZ black hole, the temperature is larger then zero, and the variation of the entropy is nonvanishing. For different J and r + , the variation of entropy is plotted in Fig. 1 . From this figure, we can see that dS is positive always. Therefore, the second law of thermodynamics is valid in the normal phase space without pressure.
FIG. 1. The values of dS
It should be stressed that as the values of p r h , l, Q change, the configuration of Fig. 1 will vary correspondingly. But no matter how they change, the conclusion that dS is positive will not change.
Next, we turn to the weak cosmic censorship conjecture, which states that the observer located at future null infinity can not observe the singularity of a spacetime for the singularity is covered by the event horizon. So the validity of the weak cosmic censorship conjecture means the existence of an event horizon. As a charged spinning fermion is absorbed by a charged rotating BTZ black hole, we intend to check whether there is an event horizon. Namely, whether the equation F(r) = 0 has solutions at the final state. We will judge it by investigating the minimum value of F(r), located at the radial coordinate r m . When F(r m ) > 0, there is not a horizon while when F(r m ) ≤ 0, there are horizons always. At r m , we have
For an extremal rotating BTZ black hole, δ = 0, r + and r m are coincident. For a near-extremal BTZ black hole, δ is a small quantity, r m is distributed between the outer horizon and inner horizon. In the normal phase space, the initial state of the charged rotating BTZ black hole is labelled by M, Q, J. As a charged spinning fermion drops into the BTZ black hole, the mass, charge and angular momentum of the black hole will change into M + dM, Q + dQ, J + dJ respectively. Correspondingly, the radial coordinate r m and event horizon r + will change into r m + dr m , r + + dr + . There is also a shift for the function F(r), which is defined by
where we have used the condition F m = 0 in Eq.(41). Our next step is to find the last result of Eq. (42) 
In [16] , it has been claimed that dF m is negative on the assumption that p r + is positive. However, the temperature of the extremal black hole vanishes, so p r + vanishes too according to Eq.(37). Therefore dF m = −p r + = 0. In other words, the extremal rotating BTZ black hole will not change its configuration for its final state is still an extremal rotating BTZ black hole.
For a near-extremal charged rotating BTZ black hole, Eq. (33) is not applicable at r m for it holds only at the event horizon. With the condition r + = r m + ε, we can expand Eq.(33) at r m , which leads to
where we have used Eq.(37). Substituting Eq.(44) into Eq.(42), we get lastly
To simplify Eq.(45), we are going to find dJ and J. According to Eq.(41), we find
In addition, at r m + dr m , there is also a relation
which implies
Solving this equation, we get
Substituting Eqs. (46), (49) into Eq. (45), we obtain lastly
In [16] , it was claimed that O ε 2 is the high order terms of ε, so it can be ignored. In fact, δ is also a small quantity, we can not ignore the contribution of the O ε 2 term. Next, we will find the coefficient of O ε 2 and the value of ε to discuss which is smaller.
To obtain the value of δ , we expand F(r + ) at r m to the second order, leading to
That is to say,
In addition, to the second order, dF m can be expressed as
In this case, we have
We define F(r m + dr m )/ε 2 asF. If the value ofF is positive, the weak cosmic censorship conjecture is violated, and if it is negative, the weak cosmic censorship conjecture is valid.
Here, we will obtainF numerically. For the case Q = l = 1, dQ = 0.5, the value ofF is shown in Fig. 2 . We find that F is negative, which is independent on the value of r m , dr m . In fact, as dQ, dr m is smaller than Q, r m , we findF is negative always as we vary the values of Q, dQ, l, dr m , indicating that the weak cosmic censorship conjecture is valid for the near-extremal black holes in the normal phase space without pressure. Our result is consistent with that in [28, 29] , where the high order corrections to the mass were considered. In addition, based on Eq.(39), we can obtain the radius of the extremal black hole as the values of J, Q, l are given. The inial value of r m in Fig. 2 thus should be a little smaller than the radius of the extremal black hole. As r m approaches to the radius of the extremal black hole, we findF approaches to zero, which is consistent with the result in Eq.(43).
V. THERMODYNAMICS AND WEAK COSMIC CENSORSHIP CONJECTURE WITH PRESSURE
In the extended phase space with pressure, the cosmological parameter is not a constant but a state parameter of thermodynamic system, interpreted as the pressure P. In addition, the mass M is not the internal energy but the enthalpy, which relates to the internal energy as
As a charged spinning fermion drops into the charged rotating BTZ black hole, the energy, charge, and angular momentum are supposed to be conserved. Namely the energy, charge, and angular momentum of the fermion equal to the varied energy, charge, and angular momentum of the black hole, which implies
The energy in Eq.(31) changes correspondingly into
The absorbed fermion will change the location of the event horizon of the black hole. Correspondingly, the function F(r) will be changed too, that is
(58) Different from the case without pressure, l is now a variable in the extended phase space with pressure.
In addition, with Eq.(55), Eq.(57) can be expressed as
Substituting dM in Eq.(59) into Eq.(58), we can delete dJ, dQ, dl, and dM. In this case, there is only a relation between p r + and dr + , which is
So, the variation of entropy of the black hole can be written as
Combining Eqs. (9), (14), and (61), we find
The internal energy in Eq.(57) thus can be rewritten as
Moreover, from Eq.(55), we can get
Substituting Eq.(64) into Eq.(63), we find
which is consistent with that in Eq. (13) . That is, as a charged spinning fermion is absorbed by the charged rotating BTZ black hole, the first law of thermodynamics holds in the extended phase space with pressure. Based on Eq.(61), we also can discuss the second law of thermodynamics with pressure. As dV is replaced with the help of Eq. (14), Eq.(61) changes into dS = dlQ 2 r 3 + + dQlQr 3 + − 2lr 3
We can see clearly that dS may be negative or positive for the existence of terms dl, dQ, which is different from that without pressure. For the case J = l = 1, Q = 2, dQ = 0.5, we give the relations among dS and r + , dl, which is shown in Fig. 3 . It is obvious that dS is negative for some values of r + , dl. As the values of J, l, Q, dQ change, the configuration of Fig. 3 will change too. However, the conclusion that dS may be negative will not change. In other words, the second law in the extended phase space with pressure may be violated, depending on the values of l, Q and their variations. Next, we focus on investigating the weak cosmic censorship conjecture with pressure on the basis of Eqs.(40) and (41). As a charged spinning fermion is absorbed by the charged rotating BTZ black hole, the mass M, charge Q, angular momentum J, and AdS radius l will change into M + dM, Q + dQ, J + dJ, l + dl. Correspondingly, the radial coordinate and event horizon will change into r m + dr m , r + + dr + . In this case, the shift of F(r m ) can be written as
where we have used Eq.(41). Next, we focus on finding the last result of Eq.(67). For the extremal rotating BTZ black hole, the horizon is located at r m . The energy of the particle in Eq. (57) 
That is, as a charged spinning fermion drop into an extremal charged rotating BTZ black hole, the black hole stays at its initial state so that its configuration will not be changed, which is the same as that without pressure. For the near-extremal rotating BTZ black hole, the energy of the particle in Eq.(57) is not valid for it is applicable only at the event horizon. But we can expand it near the lowest point with r + = r m + ε. To the first order, we get In a word, from Fig. 5 , we know that the minimum value of functionF may be positive at the final state for the nearextremal BTZ black hole in the extended phase space with pressure. So the weak cosmic censorship conjecture may be violated for the near-extremal BTZ black hole in the extended phase space with pressure, which is different from the previous observation.
VI. CONCLUSIONS
As a charged spinning fermion is absorbed by a charged rotating BTZ black hole, we investigated the dynamics of the fermion and the variations of the thermodynamical quantities of the black hole. It was found that the momentum of the particle was related to the chemical potential and angular velocity of the black hole. As the energy conservation, charge conservation and angular momentum conservation are considered, this relation was found to be nothing but the first law of thermodynamics for cases with and without pressure respectively.
We also investigated the second law of thermodynamics by discussing the variation of entropy. For the case without pressure, we found the variation of entropy was positive always for the non-extremal BTZ black hole, implying that the second law is valid in this case. While in the extended phase space with pressure, because of the existence of dl, dQ, we found that the variation of entropy may be negative, depending on the values of l, Q and their variations. The second law thus may be violated in the extended phase space with pressure.
The absorbed fermion would change the location of the event horizon, thus we also discussed the weak cosmic censorship conjecture by discussing the variation of the minimum value of the function F(r). In the normal phase space, we found that the minimum value of the function F(r) did not change for the extremal BTZ black hole while became smaller for the near-extremal BTZ black hole. The final states of the near-extremal black holes thus have solutions always. Our results showed that the weak cosmic censorship conjecture was valid without pressure since the final states for both the minimum values of the extremal and nearextremal black holes have solutions. In the extended phase space with pressure, we found that the function F(r) did not change too for the extremal BTZ black hole. However for the near-extremal BTZ black hole, the function F(r) became larger for some parameters. The final states of the near-extremal black hole in this case does not have solutions. Thus we concluded that the weak cosmic censorship conjecture was violable as the pressure is considered, which is different from the previous result where the weak cosmic censorship conjecture was found to be valid [16] . The reason arises from that the second order term of dF m was neglected previously. However, the initial states of the near-extremal black holes are also small quantities, the second order terms thus can not be neglected directly. It seems that our conclusions are more reasonable.
